AP® CALCULUS AB
2013 SCORING GUIDELINES

Question 1

On a certain workday, the rate, in tons per hour, at which unprocessed gravel arrives at a gravel processing plant

l2

is modeled by G(¢) = 90 + 45 cos(ﬁ), where ¢ is measured in hours and 0 < ¢ < 8. At the beginning of the

workday (¢ = 0), the plant has 500 tons of unprocessed gravel. During the hours of operation, 0 < ¢ < 8, the
plant processes gravel at a constant rate of 100 tons per hour.

(a) Find G'(5). Using correct units, interpret your answer in the context of the problem.

(b) Find the total amount of unprocessed gravel that arrives at the plant during the hours of operation on this
workday.

(c) Isthe amount of unprocessed gravel at the plant increasing or decreasing at time ¢ = 5 hours? Show the
work that leads to your answer.

(d) What is the maximum amount of unprocessed gravel at the plant during the hours of operation on this
workday? Justify your answer.

(a) G'(5)=-24.588 (or —24.587) 5. 1:G'(5)

" | 1 : interpretation with units
The rate at which gravel is arriving is decreasing by 24.588
(or 24.587) tons per hour per hour at time ¢ = 5 hours.

’ 1 :int 1
(b) [ G(1)dr = 825551 tons 5. { 1 integra
. answer

() G(5) =98.140764 < 100 5. 1 : compares G(5) to 100
" | 1: conclusion

Attime ¢ = 5, the rate at which unprocessed gravel is arriving

is less than the rate at which it is being processed.
Therefore, the amount of unprocessed gravel at the plant is
decreasing at time ¢ = 5.

(d) The amount of unprocessed gravel at time ¢ is given by 1 : considers 4'(t) = 0

A(t) = 500 + r(G(s) —100)ds. 3:{ 1:answer
0 1 : justification

A1) = G(1) =100 = 0 = ¢ = 4.923480

t | A1)

0 500
4.92348 635.376123

8 525.551089

The maximum amount of unprocessed gravel at the plant during
this workday is 635.376 tons.
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1. On a certain workday, the rate, in tons per hour, at which unprocessed gravel arrives at a gravel processing plant
is modeled by G(z) = 90 + 45 cos[lgj, where ¢ is measured in hours and 0 < ¢ < 8. At the beginning of the

workday (¢ = 0), the plant has 500 tons of unprocessed gravel. During the hours of operation, 0 < z < 8, the
plant processes gravel at a constant rate of 100 tons per hour.

(a) Find G’(5). Using correct units, interpret your answer in the context of the problem.

G(£)= 90 rus cog_e—'i

GY&) = - StsmERY

G'(5)= -Q4.588 4oms |l ?®
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(b) Find the total amount of unprocessed gravel that arrives at the plant during the hours of operation on this
- workday.
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1

(c) Is the amount of unprocessed gravel at the plant increasing or decreasing at time ¢ = 5 hours? Show the
work that leads to your answer.
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(d) What is the maximum amount of unprocessed gravel at the plant during the hours of operation on this
workday? Justify your answer. S\WLQ/ v ( “—l:) s on a cosed
N'Y(£) =0 at € =7 wterval (0,87, e et
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1. .On a certain workday, the rate, in tons per hour, at which unprocessed gravel arrives at a gravel processing plant
2
is modeled by G(¢) = 90 + 45cos({—8—), where ¢ is measured in hours and 0 < ¢ < 8. At the beginning of the

workday (¢ = 0), the plant has 500 tons of unprocessed gravel. During the hours of operation, 0 < 7 < 8, the
plant processes gravel at a constant rate of 100 tons per hour.

(a) Find G’(5). Using correetunitss3aterpret your msm?pﬂtam of the problem.
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(b) Find the total amount of unprocessed gravel that arrives at the plant during the hours of operation on this

workday. 0 PN
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(c) Is the amount of unprocessed gravel at the plant increasing or decreasing at time # = 5 hours? Show the
work that leads to your answer.
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“(d) What is the maximum amount of unprocessed gravel at the plant during the hours of operation on this
workday? Justify your answer.
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1. On a certain workday, the rate, in tons per hour, at which unprocessed gravel arrives at a gravel processing plant

is modeled by G(¢) = 90 + 45005(

2

1 8]’ where ¢ is measured in hours and O < ¢ < 8. At the beginning of the

workday (¢ = 0), the plant has 500 tons of unprocessed gravel. During the hours of operation, 0 < ¢ < 8, the
plant processes gravel at a constant rate of 100 tons per hour.

(a) Find G’(5). Using correct units, interpret your answer in the context of the problem.
G'(¢)= -54S (078
w(s)= -5(5)si ( >

2

(b) Find the total amount of unpfocessed gravel that arrives at the plant during the hours of operation on this

workday.

T
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(c) Is the amount of unprocessed gravel at the plant increasing or decreasing at time ¢ = 5 hours? Show the
work that leads to your answer.

G (5) =90 +45cos(S,

GG) = 78.1408
poSinve Umount erz'v(ng

(d) What is the maximum amount of unprocessed gravel at the plant during the hours of operation on this
workday? Justify your answer.
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Question 1
Overview

This problem provided information related to the amount of gravel at a gravel processing plant during an eight-

t2

hour period. The function G, given by G(¢) = 90 + 45 cos(ﬁ} models the rate, in tons per hour, at which

gravel arrives at the plant. The problem also stated that gravel is processed at a constant rate of 100 tons per hour.
In part (a) students were asked to find G'(5), the derivative of G at time ¢ = 5. This value is negative, so

students should have interpreted the absolute value of this number as the rate at which the rate of arrival of gravel
at the plant is decreasing, in tons per hour per hour, at time ¢ = 5. In part (b) students were asked to find the total
amount of unprocessed gravel arriving at the plant over the eight-hour workday. Students should have evaluated

8
the definite integral .[ . G(x) dx, recognizing that integrating the rate at which gravel arrives over a time interval

gives the net amount of gravel that arrived over that time interval. Part (c) asked whether the amount of
unprocessed gravel at the plant is increasing or decreasing at time ¢ = 5. Students determined whether the rate at
which unprocessed gravel is arriving is greater than the rate at which gravel is being processed, i.e., whether
G(5) > 100. Part (d) asked students to determine the maximum amount of unprocessed gravel at the plant during

this workday. Because the amount of unprocessed gravel at the plant at time ¢ is given by
t
A(t) = 500 + IO(G(S) —100) ds, students needed to identify the critical points of this function (where

G(t) = 100) and to determine the global maximum on the interval [0, 8]. This could have been done by

observing that there is a unique critical point on the interval, which is a maximum, and determining the amount of
unprocessed gravel at the plant at that time, or by computing the amount of unprocessed gravel at this critical
point and at the endpoints for comparison.

Sample: 1A
Score: 9

The student earned all 9 points.

Sample: 1B
Score: 6

The student earned 6 points: 1 point in part (a), 2 points in part (b), 2 points in part (c), and 1 point in part (d). In
part (a) the student presents a correct value for G'(5) and earned the first point. The student does not address time
t =5 in the interpretation of the value, so the second point was not earned. In parts (b) and (c), the student’s
work is correct. In part (d) the first point was earned for considering where G(#) = 100. The student does not

correctly determine the maximum amount of gravel, so the second point was not earned. A justification for a
global maximum was not provided, so the third point was not earned.

Sample: 1C
Score: 3

The student earned 3 points: 1 point in part (a) and 2 points in part (b). In part (a) the student presents a correct
value for G'(5) and earned the first point. The student does not provide an interpretation of this value, so the

second point was not earned. In part (b) the student’s work is correct. In part (c) the student ignores the rate at
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Question 1 (continued)

which gravel was being processed and did not earn either point. In part (d) the student again does not consider the
rate at which gravel was being processed. The student did not earn any points in this part.

© 2013 The College Board.
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Question 2

A particle moves along a straight line. For 0 < ¢ < 5, the velocity of the particle is given by

(t)=-2+ (t2 + 3t)6/5 — £2, and the position of the particle is given by s(¢). It is known that s(0) = 10.

(a) Find all values of ¢ in the interval 2 < ¢ < 4 for which the speed of the particle is 2.
(b) Write an expression involving an integral that gives the position s(¢). Use this expression to find the
position of the particle at time ¢ = 5.
(c) Find all times ¢ in the interval 0 < ¢ < 5 at which the particle changes direction. Justify your answer.
(d) Is the speed of the particle increasing or decreasing at time ¢ = 4 ? Give a reason for your answer.
(a) Solve |v(¢)]=2on2<r<4. 5. 1 : considers |v(?)| = 2
t =3.128 (or3.127) and ¢ = 3.473 " | 1:answer
t
(b) s(¢)=10+ Jov(x) dx [ Tis(e)
L 1:s(5)
5
s(5) =10+ jo y(x) dx = =9.207
(c) v(t) =0 when ¢ = 0.536033, 3.317756

(d)

v(t) changes sign from negative to positive at time ¢ = 0.536033.

v(¢) changes sign from positive to negative at time ¢ = 3.317756.

Therefore, the particle changes direction at time ¢ = 0.536 and
time ¢ = 3.318 (or 3.317).

W(4) = —11.475758 < 0, a(4) = V/(4) = —22.295714 < 0

The speed is increasing at time ¢ = 4 because velocity and
acceleration have the same sign.

© 2013 The College Board.
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2 : conclusion with reason

Visit the College Board on the Web: www.collegeboard.org.



LU UL Willle UC_y ULIU LD vuliucl.

2. A particle moves along a straight line. For 0 < ¢ < 5, the velocity of the particle is given by
6/5
v(t) = -2+ (12 + 3t) ¥ #°, and the position of the particle is given by s(¢). It is known that s(0) = 10.
(a) Find all values of ¢ in the interval 2 < ¢t < 4 for which the speed of the particle is 2.
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(b) Write an expression involving an integral that gives the posmon s(¢). Use this expression to find the
posmon of the partlcle attime ¢ = 5.
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(c) Find all times ¢ in the interval 0 < ¢ < 5 at which the particle changes direction. Justify your answer.
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(d) Is the speed of the particle increasing or decreasing at time ¢ = 4 ? Give a reason for your answer.
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2. A particle moves along a straight line. For 0 < 7 < 5, the velocity of the particle is given by
6/5
v(t) = -2+ (t2 + 3t) & 7, and the position of the particle is given by s(z). It is known that s(0) = 10.

(a) Find all values of ¢ in th(; interval 2 < ¢ < 4 for which the speed of the particle is 2.
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(b) Write an expression involving an integral that gives the position s(¢). Use this expression to find the
p g g p p
position of the particle at time ¢ = 5.

|
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(c) Find all times ¢ in the interval 0 < ¢ < 5 at which the particle changes direction. Justify your answer.
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(d) Is the speed of the particle increasing or decreasing at time ¢ = 4 7 Give a reason for your answer.
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2. A particle moves along a straight line. For 0 < ¢ < 5, the velocity of the particle is given by. 9
v(t) =2+ (tz + 3t>6/5 — 13, and the position of the particle is given by s(z). It is known that s(0) = 10.

(a) Find all values of ¢ in the interval 2 < ¢ < 4 for which the speed of the particle is 2.
7= (tZ%%>{Qijr
)= (73647 -
s—&gm@h J |
k4= 20107099

e

(b) Write an expression involving an integral that gives the position s(¢). Use this expression to find the
position of the particle at time ¢ = 5. -

14

T ~H/ _ ~
0= 0:,7( F.p >0
BS() = ~I5 r (py19.10679 ~[Sb.2r2/0

| 5(7) = (o053 9lo]
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(c) Find all times ¢ in the interval 0 < ¢ < 5 at which the particle changes direction. Justify your answer.

Do not write beyond this border.

(d) Is the speed of the particle increasing or decreasing at time ¢ = 4 ? Give a reason for your answer.

j4) = 2 (a3 =43
Vi) = =)l 47 ‘

| , . .
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Question 2
Overview

This problem presented students with a particle in rectilinear motion during the time interval 0 < ¢ < 5. The
particle’s position at time ¢ = 0 is given, and the velocity function v is provided. Part (a) asked students to
determine the times when the speed of the particle is 2, which required determining where the velocity function is
12 or where the absolute value of the velocity function is 2. In part (b) students were asked to provide an integral

expression for the position s(z) and then to use this expression to find the position of the particle at time ¢ = 5.

t
Students should have recognized that the position is given by s(¢) = s(0) + Io v(x) dx and then evaluated s(5)

to determine the position at time ¢ = 5. Part (c) asked students to determine all times ¢, 0 < ¢ < 5, at which the
particle changes direction. Students needed to determine where v(¢) changes sign. In part (d) students were asked

whether the speed of the particle is increasing or decreasing at time ¢ = 4. Students should have evaluated both
the velocity and the acceleration functions at time ¢ = 4. Because v(4) < 0 and a(4) < 0, the speed of the

particle is increasing.

Sample: 2A
Score: 9

The student earned all 9 points.

Sample: 2B
Score: 6

The student earned 6 points: no points in part (a), 2 points in part (b), 2 points in part (c), and 2 points in part (d).
In part (a) the student’s work is incorrect. In part (b) the student’s work is correct. In part (c) the student earned
the point for considering v(z) = 0 and 1 point for a single correct answer with correct justification. In part (d) the

student’s work is correct.

Sample: 2C
Score: 3

The student earned 3 points: 1 point in part (c) and 2 points in part (d). In parts (a) and (b), the student’s work is
incorrect and did not earn any points. In part (c) the student earned the point for considering v(¢) = 0. In part (d)

the student’s work is correct.

© 2013 The College Board.
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Question 3
! ol 1|23 |4]5s5]6
(minutes)
(?) 0 | 53|88 |11.2]12.8]|13.8|14.5
(ounces)

Hot water is dripping through a coffeemaker, filling a large cup with coffee. The amount of coffee in the cup at
time ¢, 0 < ¢ < 6, is given by a differentiable function C, where ¢ is measured in minutes. Selected values of
C(t), measured in ounces, are given in the table above.

(a) Use the data in the table to approximate C’(3.5). Show the computations that lead to your answer, and
indicate units of measure.

(b) Isthereatime ¢, 2 <t <4, at which C'(¢) = 2 ? Justify your answer.
(c) Use a midpoint sum with three subintervals of equal length indicated by the data in the table to approximate
6 6
the value of % .[0 C(t) dt. Using correct units, explain the meaning of % .[0 C(t) dt in the context of the

problem.

(d) The amount of coffee in the cup, in ounces, is modeled by B(t) =16 — 1604 Using this model, find the
rate at which the amount of coffee in the cup is changing when ¢ = 5.

C(4)-C(3) _12.8-112
4-3 1

1 : approximation

@) C'(3.5)=~

= 1.6 ounces/min 2: { .
1 : units

(b) C is differentiable = C is continuous (on the closed interval)
C(4)-C(2) _128-8.8 _
4-2 2
Therefore, by the Mean Value Theorem, there is at least
one time ¢, 2 <t < 4, for which C'(¢) = 2.

4-2
1 : conclusion, using MVT

{ L C)-C)
2: ’

2

6 . .
©) %IO C(t) dt ~ %[2 C(1)+2-C(3) +2-C(5)] | : midpoint sum
1 3: < 1:approximation
= g(2 53+2:11.2+2-13.8) 1 : interpretation

= 2(60.6) = 10.1 ounces

6
%J‘o C(t) dt is the average amount of coffee in the cup, in

ounces, over the time interval 0 < ¢t < 6 minutes.

d) B(t) =-16(-04)e ¥ = 6.4 ¥ . { 1:B'(t)
| 1:B'(5
B'(5) = 6.4¢ %405 = 64 ounces/min ®)

= 6. =2

e
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t
(minutes) 0 1 2 3 4 3 6
) 0 | 53|88 |11.2]128]13.8|145
(ounces)

3. Hot water is dripping through a coffeemaker, filling a large cup with coffee. The amount of coffee in the cup at
time ¢, 0 < ¢ < 6, is given by a differentiable function C, where ¢ is measured in minutes. Selected values of

C(t), measured in ounces, are given in the table above.

(a) Use the data in the table to approximate C’(3.5). Show the computations that lead to your answer, and
indicate units of measure.

Cs) B _ sz, 0

i g P

“U-g l M A

(b) Is there a time ¢, 2 < t < 4, at which C’(¢) = 2 ? Justify your answer.
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(c) Use a midpoint sum with three subintervals of equal length indicated by the data in the table to approximate

6 6
the value of —é— J.o C(r) dz. Using correct units, explain the meaning of —é—fo C() dr in the context of the

problem.

l 6
_(;—So Ll At ¥ /{6—, 7-(52+ 1+ %.9)

o lO,'] D%
& { £ ~
’H«m‘b % the avelage dmide/ m ooz, o the amound of! coflee

in Fhe cop ov@l the {nervel pete 6

(d) The amount of coffee in the cup, in ounces, is modeled by B(z) =16 - 16¢04, Using this model, find the
rate at which the amount of coffee in the cup is changing when ¢ = 5.

| 77 .0.4¢t
B‘G): = €
ol ®
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(minutes) t : . " . ° 6
@) 0 | 53|88 |112]128]13.8|145
(ounces)

3. Hot water is dripping through a coffeemaker, filling a large cup with coffee. The amount of coffee in the cup at
time ¢, 0 < ¢ < 6, is given by a differentiable function C, where ¢ is measured in minutes. Selected values of

C(t), measured in ounces, are given in the table above.

(a) Use the data in the table to approximate C’(3.5). Show the computations that lead to your answer, and
indicate units of measure.

£{4) + F(3) 17.8 +

- & v

(b) Is there a time ¢, 2 < ¢ < 4, at which C’(¢) = 2 ? Justify your answer.

Yes, atcocding +o Hae Mean Vale ﬂv&fe,m
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(c) Use a midpoint sum with three subintervals of equal length indicated by the data in the table to approximate

6 6
the value of %Jo C(t) dr. Using correct units, explain the meaning of %J‘o C(t) dt in the context of the
problem. stepsrce oy 2

&

(d) The amount of coffee in the cup, in ounces, is modeled by B(t) =16 — 16¢~04, Using this model, find the
rate at which the amount of coffee in the cup is changing when ¢ = 5.

*19DIOA SIU1 DUOADA 9LIM 10U OrT
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t
(minutes) 0 1 2 3 4 5 6
() 0 | 53|88 |112]128|138]145
(ounces) )

3. Hot water is dripping through a coffeemaker, filling a large cup with coffee. The amount of coffee in the cup at
time #, 0 < ¢ < 6, is given by a differentiable function C, where ¢ is measured in minutes. Selected values of

C(t), measured in ounces, are given in the table above.

\
(a) Use the data in the table to approximate C’(3.5). Show the computations that lead to your answer, and

indicate units of measure. / X[D) = f % |
P, —

| | \"\
Ol;.%'“‘i Uf ~ ) b = CC?'SB )
CE B

43 _—

. - o

(b) Is there a time ¢, 2 < t < 4, at which C’(¢) = 2 ? Justify your answer.

[/[,[/)_/ /43)' ﬂf-) /VO ,L;;@CW&‘S/ L/?_.'/f 1%

pert )
-4
y# 7 - : |
: -9 5.7 /9 Vosy A >
- O 2PN AV
4.0 oo M5-t 20K 28 Avm 2
S P \——C/j/—‘ - L/ ‘
0~
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(c) Usea midpoint sum with three subintervals of equal length indicated by the data in the table to approximate
the value of = G J. C(t) dt. Using correct units, explain the meaning of — 3 .f t) dr in the context of the

problem.

AX }(" ﬁK r‘ "r’f,";'& oy

o ,_ |
7[1) ‘mfﬁﬂir‘ (jf ZL (@ gt /S 'l'/”// arvet or QS O'p- water Rt LseS (Pmreg,\
L irirg Jr U

N

| vl \ A Ly (o Sored
:‘!f:ﬁ{}b T{’?z 6“}9 Mp TL«L (Ouch O L/ LQW” 7 s rhomdy.

(d) The amount of coffee in the cup, in ounces, is modeled by B(¢) = 16 — 16¢™%4". Using this model, find the
rate at which the amount of coffee in the cup is changing when ¢ = 5.

) ' 5

1 4. Vi ’U,J

B3V T VI | U ;
2y~
3»«"1" ﬂ

: =32 -.L{4 N7

”f\fl._fl — P — 7 X
15 - 5 &
L L
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2013 SCORING COMMENTARY

Question 3
Overview

In this problem, a table was provided giving values of a differentiable function C at selected times between

t =0 and ¢t = 6 minutes, where C(¢) represented the amount of coffee, in ounces, in a cup at time ¢. Part (a)
asked students to approximate the derivative of the function C at ¢ = 3.5 and to indicate units of measure.
Because ¢ = 3.5 fell between values of ¢ given in the table, students should have constructed a difference
quotient using the temperature values across the smallest time interval containing ¢ = 3.5 that is supported by the
table. Students should have recognized this derivative as the rate at which the amount of coffee in the cup is
increasing, in ounces per minute, at time ¢ = 3.5. Part (b) asked students whether there is atime ¢, 2 < ¢t < 4, at
which C'(z) =2. Students should have recognized that the hypotheses for the Mean Value Theorem hold because

C is differentiable and then applied the theorem to the function on the interval [2, 4] to conclude that there must

6
be such a time . Part (c) asked for an interpretation of %Jo C(t) dt and a numeric approximation to this

expression using a midpoint sum with three subintervals of equal length as indicated by the data in the table.
Students should have recognized this expression as providing the average amount, in ounces, of coffee in the cup
over the 6-minute time period. Students needed to use the values in the table at times ¢ =1, ¢ =3, and ¢ = 5,
with interval length 2, to compute this value. In part (d) students were given a symbolic expression for a function
B that modeled the amount of coffee in the cup on the interval 0 < ¢ < 6. Students were asked to use this model
to determine the rate at which the amount of coffee in the cup is changing when time ¢ = 5. This was answered
by computing the value B'(5).

Sample: 3A
Score: 9

The student earned all 9 points.

Sample: 3B
Score: 6

The student earned 6 points: 2 points in part (b), 2 points in part (c), and 2 points in part (d). In part (a) the student
does not construct a numeric difference quotient, so no points were earned. The use of f instead of C is ignored.
In part (b) the student’s work is correct. The use of f instead of C is ignored because the student correctly uses
C-values from the table and invokes the Mean Value Theorem. In part (¢) the student earned the first 2 points. The
interpretation point was not earned because the student does not commit to ounces as the units. The student also
uses “ounces per hour” in the interpretation. In part (d) the student’s work is correct.

Sample: 3C
Score: 3

The student earned 3 points: 1 point in part (a), 1 point in part (c), and 1 point in part (d). In part (a) the student
earned the approximation point, but not the units point. In part (b) the student’s work is incorrect. In part (c) the
student earned the midpoint sum point, but not the approximation point. The interpretation does not include
“average,” so the third point was not earned. In part (d) the student has the correct derivative but incorrectly
multiplies —0.4(5), so the answer point was not earned.

© 2013 The College Board.
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Question 4

y

The figure above shows the graph of f”, the derivative of
a twice-differentiable function f, on the closed interval
0 < x < 8. The graph of f” has horizontal tangent lines

at x =1, x =3, and x = 5. The areas of the regions
between the graph of /' and the x-axis are labeled in the

figure. The function f is defined for all real numbers and
satisfies f(8) = 4.

(a) Find all values of x on the open interval 0 < x < 8 | | Am;=3
for which the function f has a local minimum. |
Justify your answer. (5.-2)

(b) Determine the absolute minimum value of f on the Graph of f*
closed interval 0 < x < 8. Justify your answer.

(c) On what open intervals contained in 0 < x < 8 is the graph of f both concave down and increasing?
Explain your reasoning.

(d) The function g is defined by g(x) = (f (x))3. If 1(3) = —%, find the slope of the line tangent to the
graph of g at x = 3.

(a) x = 6 isthe only critical point at which f’ changes sign from | 1 : answer with justification
negative to positive. Therefore, f has a local minimum at

x = 6.
(b) From part (a), the absolute minimum occurs either at x = 6 or 1 : considers x = 0 and x = 6
at an endpoint. 3: 1 1:answer
0 o .
f(0)= £(8) + Ig f(x) dx 1 : justification

= S®) - [ F()dx=4-12= -8
F6)= £(8)+ [ f(x) d
= f®) - [ f()dr=4-T=3

J(8) =4
The absolute minimum value of f on the closed interval [0, 8]
is —8.

(c) The graph of f is concave down and increasing on 0 < x < 1 5. 1 : answer
and 3 < x < 4, because [’ is decreasing and positive on these " | 1: explanation
intervals.

’ 2 ’ ’
@ €(x) =3[/ /() S 280
" | 1:answer

£() =30/ G /() =3(-3) 4=75
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_(.5,‘—2)
Graph of/f* |
L

4. The figure above shows the graph of f’, the derivative of a twice-differentiable function f, on the closed
interval 0 < x < 8. The graph of f’ has horizontal tangent lines at x =1, x = 3, and x = 5. The areas of the
regions between the graph of f’ and the x-axis are labeled in the figure. The function f is defined for all real
numbers and satisfies f(8) = 4. ’

(a) Find all values of x on the open interval 0 < x < 8 for which the function f has a local rmq_gnum Justify
your answer. -

X= 6 |
£ g local ymmnwmat X =
graphef £ chang from MW‘W L gmwm 2t Ko _’éag,
0 esiny e fired ddpmate g Vol e
£ bor o v thel wmﬁxy» g }""“ {hos o 396‘&%% A A W

(b) Determine the absolute minimum value of f on the closed interval 0 < x < 8 Justify your answer.

§s cal At 1AL = Y F o f@).—“"f
2[R 7 2600461~ 140 03
[ (o) W%’%} gﬁ:&@}mw} N 1‘@'2 &

]

A £8 1% ""? bes &M%
5 ﬁ"{. an W\mi;g @( + oy 2 ey val 34 ¥ 1
?‘é @.,w Mvhf"if \ ¥ g W#}%‘ %éémﬁp@?ﬁﬁ&ﬂag c‘w‘y‘h@} ﬁJ‘\MM@%ﬁ
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(c) On what open intervals contained in 0 < x <8 is the graph of f both concave down and increasing?
Explain your reasoning. . Le Sn& O

¢%£ Pph ’ﬁ‘;@’f\fﬁi wi r ﬁi V‘ﬁfm?\ of

down  ond innlos g i ({3 1)U ($ sg/; @razxﬁ
and ex ¢4, bezavie it FEe o qrgh of £,
oy g ﬁm;\?‘ ef £ 5 P&a}éﬁﬁ &w{ Fore ‘imﬁé

%{‘{‘; gﬁ V\iiam'i*wﬁ g"%m* &W&hk "“é“*%'g ‘%’ RS Gl %‘i '

»w’ 14 ﬂ 3{@ M’;}oﬁ 15 betr corecavie dows n o

ﬂmﬁrﬁ/ﬁ '

(d) The function g is defined by g(x) = (f(x)). If £(3) = —é find the slope of the line tangent to the graph

£ 4:»35 Q@JJ { Pl B

of gat x =
4) ') = 3 ( f éﬂ} { *) "
Y ) 5,
3)- 3@@) &) =2(-5) " (w)
=3 (53N o785

'GY= 75
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Graph of f’

4. The figure above shows the graph of f”, the derivative of a twice-differentiable function f, on the closed
interval 0 < x < 8. The graph of f’ has horizontal tangent lines at x =1, x = 3, and x = 5. The areas of the
regions between the graph of f’ and the x-axis are labeled in the figure. The function f is defined for all real
numbers and satisfies f(8) = 4.

(a) Find all values of x on the open interval 0 < x < 8 for which the function f has a local minimum. Justify
your answer.

Yo G DROOUUSE T D GT ol & doowmoes

(b) Determine the absolute minimum value of f on the closed interval 0 < x < 8. Justify your answer.
=% eoue Mk U
Whot £00 W

"}C*%f\% %”ﬁﬁwm~wﬁt‘
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(c) On what open intervals contained in 0 < x < 8 is the graph of f both concave down and increasing?

Explain your reasoning.
b e!‘,;

S0 W conatdawn owd Unuteobiny
whAon §° N W\Q%QUW\}Q CW\»(S% % Y Jﬁ@@%’%’i‘ﬂn
M\J\A C’”kﬁ:&éy&}i‘f (O ) \\ oa (3 L&)

Do not write beyond this border.

(d) The function g is defined by g(x) = (( f(x)*. X f(3) = —i, find the slope of the line tangent to the graph
T} Q
A= BN W‘ v
C%KC%\\ 3& 5\? Qw
M)z AR/A | b T
Q) 300 . b
G I s N

of g at x =3.
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8,5)

4 Area=3

(5,-2)

Graph of f’

4. The figure above shows the graph of f’, the derivative of a twice-differentiable function f, on the closed
interval 0 < x < 8. The graph of f’ has horizontal tangent lines at x =1, x = 3, and x = 5. The areas of the
regions between the graph of f” and the x-axis are labeled in the figure. The function f is defined for all real
numbers and satisfies f(8) =

(a) Find all values of x on the open interval 0 < x < 8 for which the function f has a local minimum. Justify
your answer.

Il S P ST ? C,;‘.'\amq‘?:;}, brown (= )

£ A
42

(b) Determine the absolute minimum value of f on the closed interval 0 < x < 8. Justify your answer.

% w [
4
O |
o, ‘w-"n: : 3 4‘3 fl
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(c) On what open intervals contained in 0 < x < 8 is the graph of f both concave down and increasing?
Explain your reasoning.
. WL e -,.--»
rudaen €S 0D

r,
- . e e
(’ \ E': LML J Lvwt

(d) The function g is defined by g(x) = (f (x))3. If f(3) = ——5— find the slope of the line tangept to the graph
AT 2% H\KL gftk‘y,.‘é ?‘P s ';% ‘* Lj:;

of g at x = 3. R
,Ji -
g
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Question 4
Overview

This problem described a function f that is defined and twice differentiable for all real numbers, and for which
f(8) = 4. The graph of y = f'(x) on [0, 8] is given, along with information about locations of horizontal

tangent lines for the graph of f” and the areas of the regions between the graph of f" and the x-axis over this
interval. Part (a) asked for all values of x in the interval (0, 8) at which f has a local minimum. Students needed
to recognize that this occurs where /' changes sign from negative to positive. Part (b) asked for the absolute
minimum value of f on the interval [0, 8]. Students needed to use the information about the areas provided with
the graph, as well as f(8), to evaluate f(x) at 0 and at the local minimum found in part (a). Part (c) asked for
the open intervals on which the graph of f is both concave down and increasing. Students needed to recognize
that this is given by intervals where the graph of f” is both decreasing and positive. Students were to determine
these intervals from the graph. Part (d) introduced a new function g defined by g(x) = (/(x))’, and included
Bl
2
needed to recognize that this slope is given by g'(3). In order to determine this value, students needed to apply

that f(3) = —=. Students were asked to find the slope of the line tangent to the graph of g at x = 3. Students

the chain rule correctly and read the value of f”(3) from the graph.

Sample: 4A
Score: 9

The student earned all 9 points.

Sample: 4B
Score: 6

The student earned 6 points: 1 point in part (a), 1 point in part (b), 2 points in part (c), and 2 points in part (d).

In part (a) the student’s work is correct. In part (b) the student earned the point for considering x = 0 and x = 6.
The student does not report a correct answer and was not eligible for the justification point. In part (c) the
student’s work is correct. In part (d) the student earned the 2 points for g'(x) but did not earn the answer point.

Sample: 4C
Score: 3

The student earned 3 points: 1 point in part (a) and 2 points in part (c). In part (a) the student’s work is correct.
In part (b) the student does not consider x = 0 and x = 6, does not find the answer, and is not eligible for the
justification point. In part (c) the student’s work is correct. In part (d) the student makes a chain rule error in the
derivative and did not earn the answer point.

© 2013 The College Board.
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Question b

Let f(x)=2x" —6x+4 and g(x) = 4cos(%7rx). Let R be the region

bounded by the graphs of f and g, as shown in the figure above. __l
4
(a) Find the area of R.

(b) Write, but do not evaluate, an integral expression that gives the
volume of the solid generated when R is rotated about the R
horizontal line y = 4.

(c) The region R is the base of a solid. For this solid, each cross section O S~——"\
perpendicular to the x-axis is a square. Write, but do not evaluate, an integral expression that gives the
volume of the solid.

2
(@) Area = Io [g(x)— f(x)] dx 1 : integrand
> 4 : < 2 :antiderivative
= L |:4COS(%X) - (2x2 —6x + 4):| dx 1 : answer
4 2,3 ?
=4 ‘—sin(lx) |2 3x? 4 4x
V4 4 3 0
_l6 (16 _ _l6_4
oz ( 3 12+ 8) 73
j— 2 2 2 . g
(b) Volume = HIO [(4 - f(x))" —(4-g(x)) ] dx 3 2 : integrand
2 " | 1 : limits and constant
- 4— (25 AV - (4 - acos(Z x|\
=7 . ( —( X —6x+ )) —( - cos(zx)) dx
2
(¢) Volume = Io [g(x)—f (x)]2 dx 5. 1 : integrand
) ) " | 1 : limits and constant
= L |:4cos(%x) - (2x2 —6x + 4)} dx
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5. Let f(x) =2x* —6x+4 and g(x) = 4cos(%7z:x). Let R be the region bounded by the graphs of f and g, as

shown in the figure above. 2
(a) Find the area of R.
1 Fl
— 5 A
Q *“S k Af\'ca{."" < ) _.,(1}‘1 -‘Lx ’»‘T\j\ é’)(
°©
S S N %
R —-(-ﬂ- fbkk\{\ “rii;\ L 4%-‘}% ..A{Xy
£
s 0 g L1 - 6 - }..._.fur»g,\\
Q**ifﬁS ~{37;§"§’Tél‘"¢ -l sin il EE =
5
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(b) Write, but do not evaluate, an integral expression that gives the volume of the solid generated when R is
rotated about the horizontal line y = 4.

3, A, .
Vo= 5(( A _@ Jg«s_;La @} ) d

(©) Thé region R is the base of a solid. For this solid, each cross section perpendicular to the x-axis is a square.
Write, but do not evaluate, an integral expression that gives the volume of the solid.

™ §

ﬁ- $.-= ' P & ! 5 i 1
V"f(“‘@&”‘~f¥—*xéwm /) +x

o - e em——
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5. Dot e 2% wipvph and el 4cos(%—7tx)., Let R be the region bounded by the graphs of f and g, as
shown in the fighre above. .
(a) Find the area of R.

?uws%WX>—Q,x“’ - bx ”“) ax =
A |

o 0= 227 xS

0 ¢

‘“’5{‘(\{1\‘«)‘), 2 5 3 |

'}

3}

(o 5 - 2 Y+ 30) )
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(b) Write, but do not evaluate, an integral expression that gives the volume of the solid generated when R is
rotated about the horizontal line y = 4.

\\} ~

V= A @—éx”»@x :ru)ff@— g wst&mﬁf)b’\

(c) Theregion R is the base-of a solid. For this solid, each cross section perpendicular to the x-axis is a square.
Write, but do not evaluate, an integral expression that gives the volume of the solid.

> .

(1 o) o -6x )

o i
cvmrirAn arre T (AR RAYTAs AanTr Aew
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5. Let f(x)=2x* —65+4 and g(x) = 4cos(—i:7rx). Let R be the region bounded by the graphs of f and g, as

‘shown in the figure above.

(a) Find the area of R. e o fa’
i) 4 ALY

E ((4eesn9)- (€ -ox-4)) Ax

O

|
47450 5 1x v S
3

L}
g@ﬁﬁmf\q TR) - %% _ 3)(&""’7’}(1?

\ }
LT Sin(2nd) _ 2

e sin(E) - L

£ 2o

')
5
)

/
E————
S
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(b) Write, but do not evaluate, an integral expression that gives the volume of the solid generated when R is
rotated about the horizontal line y = 4.

((4exs (57x) —»»4‘) ((mf“ww%) 7Ddx

o

(c) The region R is the base of a solid. For this solid, each cross section perpendicular to the x-axis is a square.

Write, but do not evaluate, an integral expression that gives the volume of the solid.

g
=y 2\
( (4eos (X)) - (&‘?‘Q“@Wr‘) ) dx

i?‘ (6 ('Z{'* ;X)

“1opI10q STY} PUOAIq JLIM 10U O]
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AP® CALCULUS AB
2013 SCORING COMMENTARY

Question 5
Overview

Students were given the graph of a region R bounded below by the graph of the function f and above by the
graph of the function g, where f(x) = 2x* —6x +4 and g(x) = 4cos (%ﬂx). In part (a) students were asked to

find the area of R, requiring an appropriate integral setup and evaluation. Students needed to correctly evaluate
2
Io (g(x) = f(x)) dx. Part (b) asked for an integral expression for the volume of the solid obtained by rotating the

region R about the horizontal line y = 4. Students needed to set up an integral where the integrand represents a
cross-sectional area of a circular disc with inner radius (4 — g(x)) and outer radius (4 — f(x)) . This yielded the

2
integral ﬂjo [(4 — (X)) -(4- g(x))z] dx. Part (c) asked for an integral expression for the volume of the solid

whose base is the region R and whose cross sections perpendicular to the x-axis are squares. Here the required

integrand was (g(x) — f(x))>.

Sample: bA
Score: 9

The student earned all 9 points.

Sample: 5B
Score: 6

The student earned 6 points: 2 points in part (a), 2 points in part (b), and 2 points in part (c). In part (a) the student
earned the integrand point and polynomial antiderivative point. The answer point was not earned due to incorrect
distribution of the negative sign. In part (b) the student earned both integrand points. The student uses incorrect
limits and did not earn the third point. In part (c) the student’s work is correct.

Sample: bC
Score: 3

The student earned 3 points: 2 points in part (a) and 1 point in part (b). In part (a) the student earned the integrand
point and polynomial antiderivative point. The answer point was not earned because of the incorrect distribution
of the negative sign. In part (b) the student earned the first integrand point for one correct radius. Because the
difference of the squares of the radii is reversed, the student did not earn the second integrand point. The constant
of 7 is missing, so the third point was not earned. In part (c) the student did not earn the integrand point and
therefore did not earn the limits and constant point.

© 2013 The College Board.
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AP® CALCULUS AB
2013 SCORING GUIDELINES

Question 6

dy

Consider the differential equation —— = ¢” (3x2 - 6x). Let y = f(x) be the particular solution to the

dx

differential equation that passes through (1, 0).

(a) Write an equation for the line tangent to the graph of f at the point (1, 0). Use the tangent line to

approximate f(1.2).

(b) Find y = f(x), the particular solution to the differential equation that passes through (1, 0).
dy (312 —6-1) = D - _
@ = ="(317-61)=-3 1: %X at the point (x, y) = (1, 0)
dx _ dx
(x, »)=(1,0) 3 - ) )
1 : tangent line equation
An equation for the tangent line is y = =3(x — 1). I': approximation
f(1.2) ~ =3(12=1) = —0.6
(b) d—f = (3x2 - 6x) dx 1 : separation of variables
¢ p 2 : antiderivatives
I e—i = I (3x2 - 6x) dx 6 : ¢ 1: constant of integration
R B S 1 : uses initial condition
1 : solves for y

=P -3-’+C = C=1
— ™V = x> =3x% +1

e =—x*+3x* -1
—y=ln(—x3+3x2—1)

y = —ln(—x3 +3x% - 1)

Note: This solution is valid on an interval containing

x =1 for which —x° +3x*> —1 > 0.

Note: max 3/6 [1-2-0-0-0] if no constant of
integration

Note: 0/6 if no separation of variables
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6. Consider the differential equation % = e’ (Sx2 = Gx). Let y = f(x) be the particular solution to the

. differential equation that passes through (1, 0).

(a) Write an equation for the line tangent to the graph of f at the point (1, 0). Use the tangent line to

approximate f(1.2). ‘%ﬂ-

¢A,
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(b) Find y = f(x), the ﬁarticular solution to the differential equation that passes through (1, 0).

_ Mﬁn(()a-a*c)

LA ArTan 2

U th zed copyil ng reuse of J ) GO ON TO THE NEXT PAGE.

of this e liogl
any part of this page is illega -21-

© 2013 The College Board.
Visit the College Board on the Web: www.collegeboard.org.

arvy

nr

c¥AmTAN OTTTY



v 6 | 6

NO CALCULATOR ALLOWED

6. Consider the differential equation % =&’ (sz - 6x). Let y = f(x) be the particular solution to the

differenﬁal equation that passes through (1,.0). -

(a) Write an equation for the line tangent to the graph of f at the point (1, 0). Use the-mngent line to
approximate f(1.2).

= d [35- ) ,(40)
= eo(’s( "1'41))
= -3

W~ = ““(’9‘5’.‘?"> |
y-0 = -3 (x-3)

Do not write beyond!this border.

w=-3% +

crmmTan o mvva e
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authorized copying or reuse oil

tm Continue problem 6 on page 21.
_|any part of this page is lliegal. - ; )

-20-

© 2013 The College Board.
Visit the College Board on the Web: www.collegeboard.org.



NO CALCULATOR ALLOWED

border.

Do pot. write beyon:

" e : )
(b) Find y = f(x), the particular solution to the differential equation that passes through (1, 0).

a‘j = eI (3-x )M
| .ﬁ- = [3exdx
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6. Consider the differential equation % = ¢ (3x2 - 6x). Let y = f(x) be the particular solution to the

differential equation that passes through (1, 0).

(a) Write an equation for the line tangent to the graph of f at the point (1, 0). Use the tangent line to

approximate f(1.2). _1-——6 (3@)1 60))
1(3-%)
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(b) Find y = f(x), the particular solution to the differential equation that passes through .(1, 0).

_ Y(3x 2 60) %

o,

Unauthorized copying or reuse of o GO ON TO THE NEXT PAGE.

any part of this page is illegal. -21-

© 2013 The College Board.
Visit the College Board on the Web: www.collegeboard.org.




AP® CALCULUS AB
2013 SCORING COMMENTARY

Question 6

Overview

This problem presented students with a differential equation and defined y = f(x) to be the particular solution to
the differential equation passing through a given point. Part (a) asked students to write an equation for the line
tangent to the graph of 1" at the given point, and then to use this tangent line to approximate f(x) at a nearby
value of x. Students needed to recognize that the slope of the tangent line is the value of the derivative, given in
the differential equation, at the given point. Part (b) asked for the particular solution to the differential equation

that passes through the given point. Students should have used the method of separation of variables to solve the
differential equation.

Sample: 6A
Score: 9

The student earned all 9 points.

Sample: 6B
Score: 6

The student earned 6 points: 1 point in part (a) and 5 points in part (b). In part (a) the student correctly computes
the slope using the given derivative and earned the first point. The student gives a line through (3, 0) rather than
(1, 0). The second point was not earned, and the student was not eligible for the third point. In part (b) the student
correctly separates the differential equation and earned the first point. The student correctly antidifferentiates both
the exponential function and the polynomial function, so the second and third points were earned. The student
includes the constant of integration and earned the fourth point. The student uses the initial condition (1, 0) and

earned the fifth point. The last point was not earned because the student makes an arithmetic error while
computing C.

Sample: 6C
Score: 3

The student earned 3 points: 2 points in part (a) and 1 point in part (b). In part (a) the student correctly computes
the slope using the given derivative and earned the first point. The student gives a correct tangent line and earned
the second point. The student does not use the tangent line to approximate f(1.2), so the third point was not
earned. In part (b) the student correctly separates the differential equation and earned the first point. The student
does not antidifferentiate the exponential or the polynomial correctly. The second and third points were not
earned. The student did not earn any additional points in this part.
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